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Painleve analysis is used to study the complete integrability of the recently proposed Konno-Onno
equation, which also leads to a general form of solutions of the system. An independent study, using the
prolongation theory, gives the explicit form of the Lax pair which is then used to obtain the Backlund
transformation connecting two sets of solutions of the system. The existence of the Lax pair and the
positive result of the Painleve test indicate the complete integrability of the system.
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1. Introduction

Analysis of the integrability of new nonlinear systems
is one of the most important aspects of present day re-
search [1]. One such new set of nonlinear equations was
very recently suggested by Konno and Onno [2]. The set
of equations under consideration is dispersionless and in
many aspects similar to the three wave interaction pro-
cess. It was also observed that under some constraint the
equation is equivalent to the Sine-Gordon equation [3]
used in particle physics. Incidentally it may be mentioned
that the Konno-Onno equation was shown to be equiva-
lent to the O(3) =SU (2) nonlinear Sigma model of Pohl-
meyer-Lund-Regge [4], again when some appropriate
condition is imposed on the independent field variables.
Due to these aspects the present set of equations is very
important and deserves further study. Here we show that
the Painleve test in the sense of Weiss, Tabor, and Car-
navale [5] reveals that this set of nonlinear equations has
all the properties for complete integrability. On the oth-
er hand, a prolongation structure analysis [6] yields the
explicite form of the Lax pair, in which it is also possible
to introduce a spectral parameter by invoking the invar-
iance of the equation under a simple transformation. We
also show that it is possible to deduce a Backlund trans-
formation [7] from this Lax pair by utilising a transfor-
mation involving the prolongation variables.

2. Formulation

The nonlinear equation suggested by Konno and On-
no can be written as
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where ¢, r and s can be three physically relevant vari-
ables in a particular system. For example they can be a

pump wave and two other density waves in a nonlinear
plasma. To proceed with the Painleve test we set
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where ¢ =0 is the singular manifold and «, f3, y can be
determined by matching the most singular terms. It turns
out that a=f=y=-1. So the expansions are
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where the leading coefficients are given as
qo=—9,
and
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Substituting (2) in (1) we get
(i=1)(i=2) ¢, g+ (i=2)sori+(i=2) rys;
=terms involving (r;_y, s;_y, qi_1),
2= ryq+i(i=3) ¢, r;
=terms involving (r;_y, S;_1, qi_1)s
=2(i=1)syqi+i(i=3) ¢, s;

=terms involving (r,_y, s;_1, qi_1)-

)
So resonances are determined from (5) by
(i-DHi-2)¢p, (i-2)s9g (-2)n
det| —=2(i-l)ry i(i=3)¢, 0 =0, (6)
~2.(i~1} 49 0 i(i-3)¢,
which simplyfies to
i(i=1)(i=2) (i-3) (*=3i-4) ¢} =0. (7
So the resonances are at
i=—1,0,1,2.3,4. (8)

Since we have three second order equations, the exis-
tence of six resonances is the first criterion for the Pain-
leve test. The next important aspect is the existence of a
sufficient number of arbitrary constants and compatibil-
ity with the truncation of the series (3). So, if we trun-
cate at the zeroth level, we get
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o
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and the arising conditions are
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along with the stipulation that (g, r;. s}) is another set
of solutions of the same equation, so that one can con-
sider (9) as a Backlund transformation. Though it is pos-
sible to proceed with these equations in general, we as-

sume a special realisation of (sq, ry) as ro=@,, so=—¢,,
whence from (10d, e) we get

r1=—¢—”: S1=¢#~ (1)
29, 29,
Substituting in (10f, g) we get
[¢,1],=0, (12)

where [, t] stands for the Schwarzian derivative with re-
spect to f,
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Obeing an arbitrary function of (x, ¢) with the only con-
dition that it is a solution of (12), eq. (14) gives a solu-
tion of the coupled system (1). It is actually possible to
verify that (14) satisfies (1) identically and f, (¢) is an ar-
bitrary integration constant. It may be noted that one way
of solving (12) is to assume

[¢,11=0; (15)
whose solution can be written as
a(x)t+b(x)
= Ff SRt e (16)
¢ f[c(.\‘)l+d(.x‘)j

with a, b, ¢, d being arbitrary functions of x, and ¢ satis-
fying

O fa | 1Lz ] _ 0.
0.\ f:) 2\ [
whose solution is f=z. On the other hand, if we assume

(9. f1=A(0), (18)

then by substituting '= 1/(¢,)> one can convert (18) into
the Schrodinger equation

(17)

Yt 2(A()=677)y=0, (19)

which is a linear equation in the variable *t”". But the ac-
tual determination of the Lax pair through the Painleve
analysis becomes adifficult problem. So we take recourse
of the prolongation theory, being encouraged by the fact
that all the conditions of the Painleve test are satisfied.
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3. Prolongation Analysis

To proceed with prolongation analysis we define new
independent variables /=¢,. m=r., n=s,, so that the set
(1) can be written as a collection of differentials of two
forms:

a;=dg A dr—1dx A dr,

ar=dr Andr—mdx A dt,

ay=ds Adt—ndxadr. (20)
ay=—dl A dx+(ms+nr)ydx ade,

as=—dm A dx—=2[rdx adr,

ag=—dn A dv-2/sdx adr. 21)

A simple computation shows that these differentials are
closed under exterior derivative, that is
6 )
da;=) o} a;.
=1

(22)

It is then important to search for a differential form,
we=dvd + FAdv+ GF de, (23)

where y¥ are prolongation variables, F*, G* depend on
(g, 1 s, [, m, n, y) and wy satisties

6
dwi=Y Bl a;+Y (af dx+bfdt)aw;, (24)
=1 /
which is nothing but the generalised closure condition.

A simple calculation yields

F=lX+mX>+n X5,

G=rXe+s X7+ X, (25)
with the commutation relations

(X1, Xol==Xe. [X). X71=-2 X5,

[X;. X3l==X7, 2 [Xa, X3] +[Xe, X7]1=0,

(X1 Xe]==2 X5, [X5. X(]=0,

(X2, X71=X1=[X3. X¢]. [X3, X7]1=0. (26)

One may note that (X, X», X¢) and (X, X3, X;) form a
closed sub-algebra. We also can set Xq=0 X,, whence
X7=—6X3. so that

F=1X+mX,+n X5,

G=0rX,-0s X3+ 1/2 8% X, (27)

Wl[h[X] s X3]=—2//‘)’X3 [X: X}]:— l/ﬂXl [Xl 5 Xz]:2//5
X5. Using the adjoint representation of this Lie algebra
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we get the following form of two Lax equations:
Yo=Fy gy, =Gy,
0 25, =1y
FZS 2ry, =2q, 0 |,
-2, 0 2g5
0 -5 —r
G=|2r =6 0 (28)
2s 0 6

It is interesting to observe that another form of F, G can
be

F=1X\+mX,+n X3+X,4,
G=q Xs+rXe+s X7+ Xg+rsXo. (29)
The commutation rules so obtained allow the reductions
Xe=8X,, X;=— 08X, Xs=112 8 X, , Xo= 1l X,,,
so that,
F=IX+mX,+nX;+X,,

G=06rX,-9sX; +%62 X, +% Xy, (30
along with the commutation rules

[X), X4]1=0,i=1,2,3,

(X1, X2 == 3 Xa. [X1. X3]= 2 X,

(X2, Xal== £ X1~ == Xq . 31

4. Riccati Equation

Let us consider (28) for the eigenvector ¥ =(yy, y,, y3)’
(with 8=1), which yields

Vix=Sx Vo= e V3 s

V=21 v1=24,y2,

Yixr==2 8 Y1-2 G, )3 - (32)
Let us set ¢;=y,/v,, ¢,=y3/y,, which yields

=81y P2-21, 1 +2 4, 1.

$2==25,91+4 G, 0:-271, ¢, ¢, (33)

We next observe that the transformation
o — 01,
0= 05,

re ==+ 0,
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Sy = @ P3-5,,
4. — —9i>+q, (34)

keeps the Riccati equation (33) form-invariant, that is
(¢1. ¢5) also satisfies

O —s,—ri $3-21r1 9 +24; @1,
03, ==25,0i+4q. 03-2r ¢] 95 .

So, when (34) is combined with the time part of the Ric-
cati equations

O ==5ro-2rP3+¢;.
G2y=250, =271 ¢y +2¢,

we get relations between the two sets of solutions (g, 7, s)
and (¢’, r’, s7), written as follows

(35)

(36)

q: —q,=(r +r\f)3.
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T s+r[—r‘+r,‘ ]+2r(r‘.+r:)2+(rr+ ),
\ \

Iy S Fy (37)

[H_s:) :—25(1"+r\')+2s"‘+—s‘;‘+2r(s\+s;).
A+

Therefore these relations can be denoted as the Backlund

transformation. Note that there is no parameter in our Lax

pair and hence in (37). To introduce a parameter, we ob-

serve that the transformation

\’:}L.\
=,
g=q+4i,
F=AF,
|
s=—x 38
et (38)

keeps the equation invariant. So, if we impose this invar-
iance to operate on the one form wy., then the form of the
matrices F. G turns out to be

0 As, -y
F=| 21, —24. 0 (39)
A
~21s, 0 2.Gq

G 2%r 10 (40)

-2As O |

where we have set f=1. The same parameter A will al-
so occur in the Backlund transformation if one now does
the same calculation as before with these F and G.

5. Explicit Solutions

After proving the complete integrability of the system
we now search for explicit solutions of the system given
by (1). We firstassume the g=f(x—v 1), r=g(x—v t), and
s=h(x-v1),withx—v =& Itiseasily observed that one
gets

f§+ gghgz L (constant) 41)
along with
(heg=hge)e=0 (42a)
and
1
fggz—a Ve (42b)
From (42a) we at once get
h=N g.
N is an integration constant, so that
fé=L+Ng:. (43)
Combining with (41), we get
dg I: L N S N }I/Z
— =| 24+ (g°-0)° 44
aE INT Y Q) (44)
or
g
¢ dg
= < =, 45
s J‘(ug“+/’)’g'+y)”‘ (45)
where
.
)
)
p=-27C
.-
L NQ*
y=—=-— 46
Y N 7 (46)

and Q is some arbitrary constant.
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This integral can be evaluated by noting that we can
write it as
q

(_ I d
g=b ] —— @7)
NG (gT+a)(gT+b)
with
ab=1, a+b:B.
«a «
Now it is known that
g 2 .2
¢ 2_p2
a’(—vdﬁ_g—_———zSC—l[E a—ZJ’
\ﬁ(g‘lfz)(gzlb) b a
Sc(g/b| o) being an elliptic function. So we find
2 33
av’g.‘g‘:S("_'(ﬂ . _7b j
b a”
or
= .| P
g:bsc[amg“‘ - j (48)
a”

Hence A is also known, but the quadrature needed for the
evaluation of f'can not be done analytically, so this actu-
ally represents a propagating solution of the system. If
r=0, we get

- dg
E=[—2—. (49)
J-gva.g2 +p
which yields

B o i
g=—-,/— Cosech(&+/f3) (50)
Va

andh=-N Vf3/a Cosech (€ VJ3), butagain for theeval-
uation of f we observe

23/2

f=[d& \;‘L+2 NP Cosech?(E+/B)Coth(E/B),

(¢4

which can be done only numerically. But if L=0, then it
can be obtained at once. Besides the propagating solu-
tion we can also obtain a rational solution from the Pain-
leve analysis results given above. It is easy to verify that

the expressions of (g, s, r) given in (14) identically sat-
isfies the equation set (1). So. if we can find ¢ we have
another set of solutions. Now from (18) we get
| p)
m,——m-—0(t), (51)
2
where m=(In ¢,),. But (51) being a general Riccati equa-
tion, can not be solved in totality. But if the integration

constant o is chosen to be zero we get immediately, af-
ter simple integration,

B Cy(x) _
C3(x)(t+Cy(x)-K(x)

q:

where C;, C; and K are arbitrary functions of x. One
should note that this solution can be singular if Cs(x)
(t+C; (x))-K(x)=0. The same is also true for the
Cosech type solution given in (50).

6. Conclusion

In our analysis we have shown that complete integra-
bility of the Konno-Onno equations can be established
both in the Lax sense and in the Painleve sense. The Pain-
leve analysis leads to some special rational solutions. The
Lax pair obtained is used to deduce the Backlund Trans-
formation.

The authors are grateful to the referee for his valuable
comments which lead to an improvement of the manu-
script.
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